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11.4

11.5

11.6

this data in a model which adjusts for age, examine the proportional

hazards assumption for the stage of disease by the following graphical

methods.

(2) A plot of the logarithms of the cumulative baseline hazard rates for
each disease stage.

(b) A plot of the difference in the log cumulative hazard rates for the
disease stages.

(©) An Andersen plot.

(d A score residual plot.

In Exercise 1 of Chapter 8 a Cox model was fit to data on the survival

times of patients with an aneuploid or diploid DNA tumor profile.

(a) Check the proportional hazards assumption for this data by plotting
the logarithms of the cumulative baseline hazard rates for each
ploidy group.

(b) Check for proportional hazards by plotting the difference in the lo;
cumulative hazard rates for the two groups. :

(c) Check for proportional hazards by using an Andersen plot.

(d) Check for proportional hazards by using a score residual plot.

In Example 8.3 and its continuation in section 8.4 a proportional hazards

model was fit to the data on the time to death of 863 kidney transplant

patients. (The data is presented on our web site.) Covariates in the

model were gender, race, and a gender by race interaction.

(a) Check this data for possible outliers by making an appropriate plot
of the deviance residuals.

(b) For each of the three covariates in this model find the four most
influential observations on the estimates of the regression coeffi-
cients. Explain why these observations are so influential.

(a) For the data on survival times of patients with an aneuploid or
diploid DNA tumor profile in Exercise 4 determine which, if any,
observations are outliers by making an appropriate deviance resid-
ual plot.

(b) Find the three points that have the greatest influence on the estimate
of the regression effect by constructing a plot of the adjusted score
residuals. Explain why these three points are so influential in light
of your fitted regression model.

\‘i
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Inference for Parametric

12.1

Regression Models

Introduction

In previous chapters, we focused on nonparametric methods for de-
scribing the survival experience of a population and regression models
for survival data which do not require any specific distributional as-
sumptions about the shape of the survival function. In this chapter,
we shall discuss the use of parametric models for estimating univari-
ate survival and for the censored-data regression problem. When these
parametric models provide a good fit to data, they tend to give more
precise estimates of the quantities of interest because these estimates
are based on fewer parameters. Of course, if the parametric model is
chosen incorrectly, it may lead to consistént estimators of the wrong
quantity.

All of the models we shall consider in this chapter have an accelerated
Jailure-time model representation and a linear model representation in
log time. Let X denote the time to the event and Z a vector of fizxed-
time explanatory covariates. The accelerated failure-time model states
that the survival function of an individual with covariate Z at time
x is the same as the survival function of an individual with a baseline
survival function at a time x exp(0°Z), where 0° = (0,, .. ., 6,) is a vector
of regression coefficients. In other words, the accelerated failure-time
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model is defined by the relationship
S(x | Z) = Sylexp(0’D)x], for all x. 1.1

The factor exp(6°2) is called an acceleration factor telling the investi-
gator how a change in covariate values changes the time scale from the
baseline time scale. One implication of this model is that the hazard
rate for an individual with covariate Z is related to a baseline hazard
rate by

Hx |2 = exp(0°Dbylexp(@°Z)x], for all x. (121.2)

A second implication is that the median time to the event with a covari-
ate Z is the baseline median time to event divided by the acceleration
factor.

The second representation of the relationship between covariate val-
ues and survival is the linear relationship between log time and the
covariate values. Here, we assume the usual linear model for log time,
namely,

Y=InX=p+yZ+0W, (12.1.3)

where ¥ = (7, ..., ¥,) is a vector of regression coefficients and W is
the error distribution. The regression coefficients have an interpretation
similar to those in standard normal theory regression.

The two representations are closely related. If we let Sy(x) be the
sutvival function of the random variable exp(u + o W), then, the linear
log-time model is equivalent to the accelerated failure-time model with
0 = -

A vanety of models can be used for W or, equivalently, for S, (see
Table 2.2). In section 12.2, we focus on estimation for the Weibull dis-
tribution for which W has a standard extreme value distribution. This
model is very flexible because it has a hazard rate that can be either in-
creasing, decreasing, or constant. It has the unique property that, along
with the accelerated failure-time representation, it is the only parametric
distribution that also has a proportional hazards representation.

In section 12.3, we focus on the log logistic distribution for which W
has a standard logistic distribution. This model has a hazard rate that
is hump-shaped (see Chapter 2). This model is the only accelerated
failure-time model that also has a representation as a proportional odds
model, that is, for the log logistic distribution, the odds of survival
beyond time ¢ are given by

_Sx1z)
1-8(x|2)

where 8 = —vy/0.

In section 12.4, we will examine several other models popular for
survival data. These include the log normal distribution and the gener-
alized gamma distribution which can be used to d15cnmmate between
models.

So(x)

1.4
Tt (214

= expB'D———
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In these sections, maximum likelihood estimation of the parameters
is presented for each of these parametric models. The parameters of the
log-time, linear model are estimated first and their variance-covariance
matrix, readily available in most major software packages, is reported,
From these values, the maximum likelihood estimates of functions of the
parameters, along with their approximate variance-covariance matrix,
may be obtained using the method of statistical differentials, also called
the delta method.

In section 12.5, graphical methods for assessing the fit of these mod-
els are presented. For univariate problems, we use the hazard rates
displayed in Table 2.2 and the Nelson—-Aalen estimator of the cumu-
lative hazard rate, to make hazard plots for each parametric model.
A bazard plot is a plot of the appropriate function of the cumulative
hazard function as the ordinate versus the appropriate function of time
as the abscissa. Each distribution will have its own functions of the
cumulative hazard and time. Such plots should be straight lines if the
model is correct.

To assess the fit of regression models, we present analogs of the
Cox-Snell, martingale and deviance residuals presented in Chapter 11. A
quantile-quantile plot is also presented for checking that the accelerated
failure-time model fits a set of data.

12.2  Weibull Distribution

The Weibull distribution, discussed in Chapter 2, is a very flexible model
for lifetime data. It has a hazard rate which is either monotone increas-
ing, decreasing, or constant. It is the only parametric regression model
which has both a proportional hazards representation and an acceler-
ated failure-time representation. In this section, we shall first examine
estimating the parameters of the Weibull distribution in the univariate
setting and, then, examine the regression problem for this model.
The survival function for the Weibull distribution is given by

Sx(x) = exp( —Ax" )
and the hazard rate is expressed by
bx(x) = A1,

Taking the log transform of time, the univariate survival function for
Y =InX is given by

Sy(y) = exp(—Ae™).

If we redefine the parameters as A = exp(—~p/0) and o = 1/a, then,
Y follows the form of a log linear model with

Y=IhX=p+oW 12.2.1)
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where W is the extreme value distribution with probability density
function,

Jow(w) = exp(w — e*) 12.2.2)
and survival function,
Sp(w) = exp(—e*). (12.2.3)
Thus, the underlying probability density function and survival function,
respectively, for Y, are
FO) = /) expl(y — w/o — €979/ (12.2.4)
and
Sy(3) = exp(—do~P/oh, 12.25)
When a = 1, or, equivalently, ¢ = 1, then, the Weibull distribution
reduces to an exponennal distribution.

The likelihood function for right-censored data, following the con-
struction in Chapter 3, is given by

= [JUAGP S I
=1

o () - (25

where f;(3) and Sy(3) are given in (12.2.9) and (12.2.5). Once maxi-
mum likelihood estimates of the parameters u and ¢, or equivalently,
A and a are computed (see Practical Note 1), estimates of the survival
function and the cumulative hazard rate are available for the distribution
of XorY. )

Estimates of p and ¢ are found numerically, and routines to do so
are available in most statistical packages. The variance-covariance ma-
trix of the log linear parameters p and o, obtained from the observed
information matrix, are also available in these packages. The invari-
ance property of the maximum likelihood estimator provides that the
maximum likelihood estimators of A and a are given by

A =exp(—-fa/6) and & = 1/6. (12.2.6)
Applying the delta method (see Theoretical Notes),
VarA) = exp(—2/®NVar() /6% + p2var(@)/6*  (12.2.7)
— 2/ Cov(a, /7],
Var(&) = Var(6)/é¢*, (12.2.8)
and

Cov(k, &) = exp(—f/®ICov(fa, 8)/6> — pvar(@)/6%. (12.2.9)
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EXAMPLE 12.1

Consider the data set described in section 1.9 and studied in Chapters 7
and 11. It compares the efficacy of autologous (auto) versus allogeneic
(allo) transplants for acute myelogenous leukemia. The outcome for the
101 patients was leukemia-free survival. All patients in the sample were
in their first complete remission at least one year.

The Weibull maximum likelihood estimates of the log linear parame-
ters p and @ are fauo = 3.45, Gayo = 1.11, fiyo = 4.25, and G4, = 1.94.
The corresponding maximum likelihood estimates of the parameters

A = exp(—p/0) and @ = 1/0 are Ao = 0.045, Guo = 0.900,
/\auo = 0.112, and aauo = 0.514, respectively. The variance-covariance
matrix for fla, and G,y is

(0.048 0.010
0.010 0031

and the variance-covariance matrix for fiy, and &y, is

(0.229 0.088)
0088 0.135

Applymg Qazz. 7)—(12 2.9), the variance-covariance matrix for A, and
Qyyyo iS

00004 —0.00202
—0.00202 0.0202

and the variance-covariance matrix for Ay, and &y, is

( 0.0016 —0.0032)
—0.0032  0.0095

To test the hypothesis that the exponential model provides as good
a fit to the data as the Weibull model, we shall test the hypothesis that
o =-1 (or equivalently that @ = 1). Although any of the three types of
likelihood-based tests can be petformed, only the likelihood ratio and
score tests are invariant under the different parameterizations. We shall
perform the likelihood ratio tests. For the allo transplant data, the log
likelihood for the Weibull model is —72.879 whereas for the exponential
model it is —~81.203. For the auto transplant data, the log likelihood for
the Weibull model is —68.420 whereas, for the exponential model, it

is —68.653. The likelihood ratio chi square for the allo transplant data
is 2[72.879 — (—81.203)] = 16.648 which is highly significant when
compared to a chi-square percentile with one degree of freedom. For
auto transplants, the likelihood ratio chi square is 0.467, which is not
significant. This suggests that an exponential distribution may provide
as good a fit as the Weibull distribution for auto transplants, but it is
not a viable model for allo transplants.
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To incorporate covariates into the Weibull model, we use a linear
model (12.1.3) for log time,

Y=u+9'z2+0W, 12.2.10)

where W has the standard extreme value distribution (12.2.2). This
model leads to a proportional hazards model for X with a Weibull
baseline hazard, that is, -

Wx |2 = (edx* "D exp(B'D), (12.2.1D

witha = 1/0, A = exp(—p/P and B, = ~vy, /o, j=1,...,p.

Using the accelerated failure-time representation of the Weibull re-
gression model, the hazard rate for an individual with covariate vector
Z is given by

%

x| = exp(0'Z) b [x exp(6'D)] (12.2.12)

where the baseline hazard, b,(x) is Aax®"'. The factor exp(¢’2) is
called an acceleration factor. If the covariate vector is a scalar which is
the indicator of treatment group (Z = 1if group 1; Z = 0 if group 2), the
acceleration factor can be interpreted naturally. Under the accelerated
failure model, the survival functions between the two groups will have
the following relationship:

Sx|Z=1)=Se® | Z=0), forall ¢
For an accelerated failure time distribution with covariate Z
S(x | D) = Sy(xexpld’Z) forall x

by (12.1.1). Let X% be the median of the baseline distribution.
Then 5(X2) = 1/2. Now let XZ be the median, with Z = z, which
has SZ | 2) = S(XZ expl6z]) = 1/2 by (12.1.1). This implies that
XZexpl0z] = X, or X2 = X7 /expl0z]. So the median of a group with
Z = z is the baseline median divided by expl6z]. This implies that the
median time in the Z = 1 group is equal to the median time in the
Z = 0 group divided by e°. Comparing 12.2.11 and 12.2.12, we see that
0 = B/ or 8 = ~v, The Weibull is the only continuous distribution
that yields both a proportional hazards and an accelerated failure-time
model.

For the Weibull regression model, estimates must be found numer-
ically. Routines for estimation, based on (12.2.10), are found in most
statistical packages. As before, the invariance property of the maxi-
mum likelihood estimators in the log linear model provides estimates
of parametess in the alternative formulation (12.2.11). Using the delta
method, the following is the approximate covariance matrix for these
estimates based on the estimates and their covariances in the log linear
model:
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Cov(B,, Bu) =

Covy, 1) _ 4 Covi¥,, &) _ u Covlh, &) (12.2.13)
a 63 a3
¥,9 Var(@)
+j—a.4——, ],k=1,...,p;
- i i1 i Cov(ji, 6 f.2 Var(6
Varh) = exp (2P [V _ ROV D) & f‘f(")] (12.2.14)
o o2 a3 &
Var(@) = L‘;"—) (12.2.15)
A o 2\ [Cov(¥,, &)  §;Cov(¥,, &)
OV(B], ) €xp ( a_) [ &2 &3 ( )
- “COY(#'O.) + YJ“YM(G)] v J=L, L8
&2 ot
A AN COV{"YJ,&] ’?]Va.l{a'] . ,
CovBy,a) = =T - M2 =1, (12217
R il Cov(ji, & fi Var(a
Cov(A, &) = exp (—ﬁ) [ v, 8) _ & ﬂ(")} : (12.2.18)
& & o

EXAMPLE 12.2

We shall illustrate this model on the data for times to death from laryn-
geal cancer.

A study of 90 males diagnosed with cancer of the larynx is described
in section 1.8 and analyzed in Chapters 7 and 8. Here, we shall employ
the accelerated failure-time model using the main effects of age and
stage for this data. The model is given by

Y=hX=p+ynZi+vn+vl+vZi+toW

where Z;, 1 = 1,...,3 are the indicators of stage II, I and IV disease,
respectively, and Z; is the age of the patient. The parameter estimates,
standard errors, Wald chi squares, and p-values for testing that v, = 0
are given in Table 12.1. Here, we see that patients with stage IV disease
do significantly worse than patients with stage 1 disease. Note that, as

" opposed to the Cox model where a positive value of the risk coeffi-

cient reflects poor survival, here, a negative value of the coefficient is
indicative of decreased survival.

We apply the transformation in (12.2.11)<12.2.18) on the original
time scale and obtain the parameter estimates in Table 12.2. Using
these estimates and the proportional hazards property of the Weibull
regression model, we find that the relative risk of death for a Stage
IV patient compared to a Stage I patient is exp(1.745) = 5.73. The
acceleration factor for Stage IV disease compared to Stage I disease is
exp(1.54) = 4.68, so that the median lifetime for a Stage I patient is
estimated to be 4.68 times that of a Stage IV patient.
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Practical Notes

TABLE 12.1
Analysis of Variance Table for Stage and Age for Laryngeal Cancer Patients,
Utilizing the Log Linear Model, Assuming the Weibull Distribution

Parameter  Standard Wald

Variable Estimate Error Chi Square  p-Value
Intercept i 3.53 0.90

Scale & 0.88 0.11

Z,: Stage I (31) -0.15 041 0.13 0.717
Z,: Stage I () —0.59 0.32 3.36 0.067
Zy: Stage IV (§) —-1.54 0.36 18.07 <0.0001
Zs: Age (39 —-0.02 0.01 1.87 0.172

TABLE 12.2.
Parameter Estimates for the Effects of Stage and Age on Survival for Laryngeal
Cancer Patients, Modeling Time Directly Assuming the Weibull Distribution

Variable Parameter Estimate Standard Error
Intercept A 0.002 0.002
Scale & 1.13 0.14
Z,: Stage I (By) 0.17 0.46
Z;: Stage I (B2) 0.66 0.36
Zy: Stage IV (By) 175 0.42
Zg: Age (Bo) 0.02 0.01

1. SAS PROC LIFEREG and the S-Plus routine survreg provide maxi-

mum likelihood estimates of an intercept p and scale parameter o
associated with the extreme value distribution, the error distribution
for the Weibull model. Our parameters of the underlying Weibull
distribution are the following functions of these extreme value pa-
rameters, A = exp(—p/0) and a = 1/c. SAS allows for right-, left-
and interval-censored data.

. When performing an accelerated failure time regression employing

the Weibull distribution, SAS and S-Plus provide maximum likeli-
hood estimates of an intercept p, scale parameter o, and regression
coefficients y;. The parameters of the underlying Weibull distribu-
tion, when modeling time directly, are the following functions of
those parameters: A = exp(—p/0), @« = 1/a, and B; = —y;/0. SAS
allows for right-, left- and interval-censored data.
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Theoretical Notes

1. The method of statistical differentials or the delta method (Elandt-
Johnson and Johnson, 1980, pp. 69-72) is based on a Taylor series
expansion of a continuous function g(.) of the maximum likelihood
estimators of a vector of parameters. We shall illustrate how this
works in the two-parameter case. Let  and ¢, be the two param-
eters of interest, and let §; and ¢, be the maximum likelihood esti-
mators of the parameters. Recall that, for large samples, (J/l, le) has
a bivariate normal distribution with mean (i, Y») and a covariance
matrix estimated by the inverse of the observed Fisher information
observed. Let 8, = gi(§s, ) and 8, = & (Y, ) be a reparametriza-
tion of 5 and y». The invariance prmc1ple of the maximum likeli-
hood estimator insures that the maximum likelihood estimators of 6,
and OZaI'egk(llll,llb_) k= 1,2.

To apply the delta method, for £ = 1,2, we expand g,,(alfl, ¥2) in
a first-order Taylor series about the true values of ¥4 and s, that is,

age(n, dn) | s a8, ¥
+ (i — ) —=
‘I/l W~ ¥ i

where the partial derivatives are evaluated at the true values of the
parameters. Thus,

&, ) = g, b)) + [y — Y=t e

agk(.{z By ag,e(;:i; ()
If welet gt = 29—%‘:’@, then, for large samples,
Covige(s, ¥, gn(hn, 1)) = Elgigh (b — ¥ + [gigl, + g2gL)
W = 90 — ) + Gigh (W — ¥}
= g385, Varljn] + (885, + £y Covidh, {ul
+ g Varlf), kom=1,2.

&, 1) — @, ) = (fy — P22 T2

12.3 Log Logistic Distribution

An alternative model to the Weibull distribution is the log logistic distri-
bution. This distribution has a hazard rate which is hump-shaped, that
is, it increases initially and, then, decreases. It has a survival function
and hazard rate that has a closed form expression, as contrasted with
the log normal distribution which also has a hump-shaped hazard rate.
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EXAMPLE 12.1

Utilizing the notation which models time directly, as in Chapter 2, the
univariate survival function and the cumulative hazard rate for X, when
X follows the log logistic distribution, are given by

123.1)

1
R v

and
Hy(x) = In(1 + Ax®). 123.2

Taking the log transform of time, the univariate survival function for
Y=InXis
1

Sy(y) = 1T rew (123.3)
This log linear model with no covariates is, from (12.1.1),
Y=InX=p+oW, 12.3.9

where W is the standard logistic distribution with probability density
function,

fo(w) = e*/Q + e*)? 12.3.5)
and survival function,
Sw(w) =1/A + &¥) (12.3.6)

Thus, the underlying probability density function and survival function,
respectively, for Y, are given by

o) = A/o)expl(y — w/ol/ll +expl(y — w/o?  (1237)
and
Sy(G) = 1/I11 + do-wio), 1238

Thus, one can see that the parameters of the underlying log logistic
distribution for the random variable X in (12.3.1) and for the distribution
of the log transformed variable Y in (12.3.3) are the following functions
of the log linear parameters in (12.3.8):

a =1/c and A = exp(—p/0), 1239

the same functions as for the Weibull model (see (12.2.6)). Thus, given
estimates of p and a, estimates of A and a and their covariance matrix
are given by (12.2.6)<12.2.9). Estimates of u and o are available in
most statistical packages.

(continued): We shall continue the example on univariate estimation
for the autologous (auto) versus allogeneic (allo) transplants for acute
myelogenous leukemia.

e
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The log logistic maximum likelihood estimates of the }og linear pa-
rameters p and o are fi, = 2944, Ouo = 0854, fra, = 3443,
and &y, = 1584, and the corresponding maximum likelihood esti-

mates of the parameters A = exp(—p/0) and a = 1 /o are Ao =
0.032, @y = 1.171, Ay = 0.114, and G,y = 0.631, respectively. The
variance-covariance matrix for fiao and Gy is

0.0531 0.0085)

0.0085 0019 /’

and the variance-covariance matrix for i, and &y, is

0.2266 0.0581)
(0.0581 0.0855/ °
Inserting the maximum likelihood estimates (i, &) and their estimated
variances into (12.2.7)-(12.2.9), the variance-covariance matrix for Ay,
and Gy, is
3010X 1074 —2.861X 10—3)
(—2.681 X103 3518%X 1073

and the variance-covariance matrix for Ay, and dgy, is

1951 X 10°* —3.661X 10'3)
—-3661 X107 1.360X107%/°

One of three equivalent models can be used to model the effepts of
covariates on survival with the log logistic distribution. The first is the
linear model for log time with

Y=InX=pu+vyZ+oW, (12.3.10
where W has the standard logistic distribution (12.3.5). The second

representation is obtained by replacing A in (12.3.3) by exp(BiZ). Here,
the conditional survival function for the time to the event is given by

1

Sx(x | 2) = mpm. (12.3.11)
As for the Weibull distribution, the parameters are related by
B =-v/o, (12.3.12)
A = expl—u/ol,
and )
a=1/c.

Based on maximum likelihood estimates for u, ¥, o, and their covari-
ance matrix, estimates for A, 8, a, and their covariance are obtained
from Egs. (12.2.13)(12.2.18). To interpret the factor exp(8‘2) for the
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EXAMPLE 12.2

log logistic model, note that the odds of survival beyond time ¢ for the
logistic model is given by

Sx(x |Z) = 1
1-Sx(x|2) Aexplp'Zlx=

_ _at Sx(x|Z=0)
= exp( ﬂz)l—sx(x|z=o)'

So, the factor exp(— B*Z) is an estimate of how much the baseline odds
of survival at any time changes when an individual has covariate Z.
Note that exp(B°Z) is the relative odds of dying for an individual with
covariate Z compared to an individual with the baseline characteristics.

The third representation of a log logistic regression is as an accel-
erated failure-time model (12.1.1) with a log logistic baseline survival
function. The log logistic model is the only parametric model with both
a proportional odds and an accelerated failure-time representation.

(continued): Continuing the study of laryngeal cancer, we shall em-
ploy the log logistic model using the main effects of age and stage. The
parameter estimates, standard errors, Wald chi squares and p-values for
testing v, = 0, are given in Table 12.3. Here we see that Stage II is
not significantly different from Stage I, Stages III and IV are significantly
different from Stage I, adjusted for age, and, as in earlier analyses, age is
not a significant predictor of death in these patients, adjusted for stage.

The estimates obtained by converting the parameters in the log linear
model to those in the proportional odds model and calculating their
standard errors using (12.2.13)12.2.18), are listed in Table 12.4. From
Table 12.4, we see that the relative odds of survival for a Stage T patient
compared to a Stage I patient are exp(—1.127) = 0.32 and for a Stage
IV patient are exp(—2.469) = 0.085, that is, Stage IV patients have 0.085
times lesser odds of surviving than Stage I patients (or 1/0.085 = 11.81
times greater odds of dying). Using the accelerated failure-time model
for the log logistic model, we see that the acceleration factor for Stage Il

TABLE 12.3
Analysis of Variance Table for Stage and Age for Laryngeal Cancer Patients,
Utilizing the Log Linear Model, Assuming the Log Logistic Distribution

Parameter  Standard Wald

Parameter Estimate Errors Chi Square  p-Value
Intercept fi 3.10 0.95

Scale & 0.72 0.09

Zy: Stage T (1) -0.13 0.42 0.09 0.762
Z,: Stage TI (2) —0.81 0.35 5.18 0.023
Zy: Stage IV (§3) -177 0.43 17.22 <0.0001
Zg: Age (39 ~0.015 0.014 1.20 0273
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TABLE 12.4

An'a.lysis of Variance Table for Stage And Age For Laryngeal Cancer Patients,
Utilizing the Proportional Odds Model and the Log Logistic Distribution

Parameter  Standard

Paramerer Estimate Errors
Intercept A 0.013 0.018
Scale & R 1.398 0.168
Z;: Stage I (By) 0.176 0.581
Zy: Stage IL (B) 1127 0.498
Z5: Stage IV (B3) 2.469 0.632
Zg: Age (B) 0.021 0.019

disease compared to Stage I disease is expl—(~.81] = 2.25 and for
Stage IV disease is exp[—(—1.77)] = 5.87. This suggests that the median
life for Stage I patients is about 5.87 times that of Stage IV patients.

- 1. SAS PROC LIFEREG and S-Plus routine survreg provide maximum

likelihood estimates of intercept g, and scale parameter @, associ-
ated with the logistic distribution. The parameters of the underlying
log logistic distribution are the following functions of these extreme
v_alue parameters: A = exp(—u/0) and a = 1/0. SAS allows for
right-, left- and interval-censored data.

2. When performing an accelerated failure time regression employing
t_he log logistic distribution, SAS and S-Plus provide maximum like-
hhood-estimates of intercept , scale parameter o, and regression
coefﬁaents 7;. The parameters of the underlying log logistic distri-
bution, when modeling time directly, are the following functions of
those parameters: A = exp(—p/0), @ = 1/, and B; = ~7,/a. SAS
allows for right-, left- and interval-censored data.

12.4 Other Parametric Models

In section 12.2., we exarr_lined the use of the Weibull distribution as a
model .fox.' survival data, and, in section 12.3, we examined the use of the
log logistic model. In this section, we shall look at alternative parametric
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models for the survival function, focusing on the regression problem
with obvious extensions to the problem of univariate estimation.

The first model to be considered is the log normal distribution. Here,
given a set of covariates Z = (Z,, ..., Z,)', the logarithm of the time to
the event follows the usual normal regression model, that is,

Y=logX=p+vyZ+oW, (124.1)

where W has a standard normal distribution. The general shape of the
hazard rate for this model is quite similar to that of the log logistic
distribution, and, in most instances, regression models based on the log
normal distribution are vety close to regression models based on the
log logistic model.

For the log normal distribution the survival function of the time to
event T is given by

S(x) = 1~ ®{llog(®) ~ (u + ¥'D)l/a},

where ®{} is the standard normal cumulative distribution function.

A second model of interest is the generalized gamma distribution.
This model is very useful in selecting between alternative parametric
models because it includes the Weibull, exponential, and the log nor-
mal models as limiting cases. For this model, ¥ = log X follows the
linear model (12.4.1) with W having the following probability density
function:

_"l6llexp(8w)/071/% expl— exp(8w) /6°] . -
fw = Ta/ed s < w< oo,
(12.4.2)

When 8 equals 1, this model reduces to the Weibull regression model,
and, when 6 is 0, the model reduces to the log normal distribution.
When 6 = 1 and ¢ = 1 in (12.4.1), then, (12.4.1) reduces to the
exponential regression model.

The generalized gamma model is most commonly used as a tool for
picking an appropriate parametric model for survival data but, rarely,
as the final parametric model. Wald or likelihood ratio tests of the
hypotheses that 8 = 1 or § = 0 provide a means of checking the
assumption of a Weibull or log normal regression model, respectively.

With the exception of the Weibull and log normal distribution, it is
difficult to use a formal statistical test to discriminate between parametric
models because the models are not nested in a larger model which
includes all the regression models discussed in this chapter. One way
of selecting an appropriate parametric model is to base the decision
on minimum Akaikie information criterion (AIC). For the parametric
models discussed, the AIC is given by

AIC = —2 * log (Likelihood) + 2(p + &), (124.3)

where k£ = 1 for the exponential model, & = 2 for the Weibull, log
logistic, and log normal models and & = 3 for the generalized gamma
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EXAMPLE 12.1

model. We shall illustrate this on two examples considered in this chap-
ter.

(continued): We shall reexamine the parametric models for the auto
and allo transplant survival data. We will fit the exponential, Weibull, log
logistic, log normal models, and generalized gamma models separately
to the data on allo and auto transplants. The log likelihood and the
AIC for each model are reported in Table 12.5. (Note that here p = 0.)
Also included in this table are the estimates of 9 from the generalized
gamma model, their standard errors and the p-values of the Wald tests
of H,: 6 = 0and H, : § = 1. These are tests of the appropriateness of
the log normal and Weibull models, respectively.

TABLE 12.5
Results of Fitting Parametric Models to the Transplant Data

Allo Auto
Transplants Transplants
Exponential Log likelihood —81.203 —68.653
AIC 164.406 139.306
Weibull Log likelihood —72879 —68.420
AIC 149.758 140.840
Log logistic Log likelihood -71.722 —67.146
AIC | 147.444 138.292
Log normal Log likelihood —-71.187 —66.847
AIC 146.374 137.694
Generalized gamma Log likelihood —70.892 —66.781
:}IC 147.784 139.562
] . —0.633 —0.261
SE[6] 0.826 0.725
p-valuefor H,: 6 =0 0.443 0.719
p-value for H,: 8 = 1 0.048 0.082

From this table, we see that the log normal distribution provides the
best fit to this data, and the log logistic distribution is a close second.
The generalized garnma model, which has the smallest log likelihood,
does not have a smaller AIC than these two models and the simpler
models are preferred. The exponential distribution for Allo transplants
has a much poorer fit than the Weibull model, and there is no evidence
of an improved fit for auto transplants, using the Weibull rather than
the exponential. A likelihood ratio chi-square test, with one degree of
freedom, for testing the hypothesis that the Weibull shape parameter is
equal to one has a value of 16.648 (p < 0.0001) for allo transplants and

. a value of 0.468 for auto transplants.
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Using a log normal regression model with a single covariate Z; equal
to 1 if the patient received an auto transplant, we have the following
regression model:

Standard Wald
Parameter Estimate Error Chi Square D-Value
Intercept: 3177 0.355 80.036 <0.0001
Type of Transplant: y; 0.054 0.463 0.0133 0.9080
Scale: & 2.084 0.230 — —

Here, we see that there is no evidence of any difference in survival
between the two types of transplants.
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EXAMPLE 12.2 (continued): We shall now compare the fit of the exponential, Weibull,
log normal, log logistic and generalized gamma models for the data on
laryngeal cancer. Recall that, here, we have four covariates:

Zy: 1 if Stage II cancer, 0 otherwise,
Z,: 1 if Stage I cancer, 0 otherwise,
Zy: 1 if Stage IV cancer; 0 otherwise, and
Z4: Patient’s age at diagnosis.
We fit the log linear model
4
Y=InX=p+) nZ+oW,
k=1
TABLE 12.6
Parametric Models for the Laryngeal Cancer Study
Generalized
Exponential Weibull Log Logistic Log Normal Gamma
Estimate  SE Estimate  SE Estimate  SE Estimate  SE Estimate  SE
I 3.755 0.990 3.539 0.904 3.102 0.953 3.383 0.936 3.453 0944
oy ~0.146 0460 —0.148  0.408 -0.126  0.415 -0199  0.442 -0.158 0431
a, —0.648 0.355 —-0.587 0.320 —-0.806 0.354 -0.900 0.363 —0.758 0.394
a; -1635 0399 ~1544 0363 -1.766  0.426 —1857 0443 -1729 0449
ay ~0020 0014 -0.017 0013 -0.015  0.014 -0018 0014 —-0.018  0.014
o 1.000  0.000 0.885  0.108 0715  0.086 1264  0.135 1104  0.257
P 0.458 0.584
LoglL  —10850 —108.03 -108.19 ~108.00 —107 68
AIC 227.00 228.05 228.38 227.99 229.36

Practical Note

where W has the appropriate distribution for each of the models. Note
that the value of o is fixed at 1 for the exponential distribution. Table
12.6 provides the estimates of the model parameters and their standard
errors, the maximized likelihoods, and the AIC criterion for all five
models,

In this table, we see that all three models fit equally well. The expo-
nential model has the smallest AIC and, in that sense, is the best fitting
model. For this model,

Y =3.755—0.146Z, — 0.6482, — 1.635Z;, — 0.020Z; + W.

The negative values of the coefficients of Z,, Z;, and Z; in the log linear
model suggest that individuals with stages II, Il, and IV cancer have
shorter lifetimes than individuals with Stage I disease.

1. SAS PROC LIFEREG has routines for fitting the generalized gamma
and log normal distributions to right-, left- and interval-censored
data. The S-Plus routine survreg fits the log normal model.

12.5 Diagnostic Methods for Parametric Models

In the last three sections, we have presented a variety of models for
univariate survival data and several parametric models that can be used

.to study the effects of covariates on survival. In this section, we shall

focus on graphical checks of the appropriateness of these models. As
discussed in Chapter 11, we favor graphical checks of the appropriate-
ness rather then formal statistical tests of lack of fit because these tests

-tend either to have low power for small-sample sizes or they always

reject a given model for large samples. The graphical checks discussed
here serve as a means of rejecting clearly inappropriate models, not to
“prove” that a particular parametric model is correct. In fact, in many
applications, several parametric models may provide reasonable fits to
the data and provide quite similar estimates of key quantities.

We shall first examine the problem of checking for the adequacy of a
given model in the univariate setting. The key tool is to find a function
of the cumulative hazard rate which is linear in some function of time.
The basic plot is made by estimating the cumulative hazard rate by the

- Nelson—Aalen estimator (see section 4.2). To illustrate this technique,

consider a check of the appropriateness of the log logistic distribution.
Here, the cumulative hazard rate is H(x) = In(1 + Ax%). This implies
that, for the log logistic model,
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InfexplH(x)) — 1} = InA + alnx, (125.1)

50, a plot of Infexp{AH(x)] — 1} versus In x should be approximately lin-
ear. The slope of the line gives a crude estimate of « and the y intercept
gives a crude estimate of In A. Here, H is the Nelson-Aalen estimator.
Note that, for the log logistic distribution, the quantity In{exp[H(x)] — 1}
is precisely the log odds favoring survival.

For the other models discussed in this chapter, the following plots
are made to check the fit of the models:

Model Cumulative Hazard Rate Plot
Exponential: Ax H versus x 125.2)
Weibull: Ax® In A versus Inx 125.3)

Log normal:  —In{l — ®fn(x) — w)l/a} & '[1-exp(—A)] versus Inx  (12.5.4)

Bstimated Comulative Hazard Rates

o
]
=
=
84

Time

Figure 12.1 Exponential bazard plot for the allo (solid line) and auto (dashed
line) transplant groups.
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Note that the slope of the line for the Weibull hazard plot gives a
crude estimate of a and, if the slope of the line is 1, then, the expo-
nential is a reasonable model.

(continued): To check the adequacy of the exponential, Weibull, log
logistic, and log normal models for the data on auto and allo transplants,
four hazard plots are presented in Figures 12.1-12.4. If the curves do
not appear linear for each figure, this is evidence that the parametric
model does not provide an adequate fit to the data. From Figure 12.1,
the exponential plot, we see that the curves for the allo transplant group
appear to be nonlinear, suggesting that the exponential is not a2 good
model for this set of data. The curve is roughly linear for the auto
transplant data, except in the tail where the estimate of H is highly
variable, suggesting that the exponential may be a reasonable model.
The curves for the other three models (Figures 12.2-12.4) are roughly
linear, suggesting these may be appropriate models for either groups.

o
-H
2
]
g
3
5
5]
5
-3

o

log(Time)

Figure 12.2 Weibull hazard plot for the allo (solid line) and auto (dashed
line) transplant groups.
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log(Odds)

log(Time)

Figure 12.3  Log logistic hazard plot for the allo (solid line) and auto (¢ dashed
line) transplant groups. .

When comparing two groups, an alternative to the proportional haz-
ards model is the accelerated failure-time model. A quantile-quantile
or g-q plot is made to check if this provides an adequate fit to the data.
The plot is based on the fact that, for the accelerated failure-time model,

$i(D = 5,(00), (12.5.2)

where S, and S, are the survival functions in the two groups and 0 is
the acceleration factor. Let #,, and #, be the pth percentiles of groups
0 and 1, respectively, that is R

= S A—p)k=0,1.

Using the relationship (12.5.2), we must have S,(f,,) = 1—p = S$i(hyp) =
S,(604,) for all ¢. ¥f the accelerated failure time model holds, #, = 64,.
To check this assumption we compute the Kaplan-Meier estimators of
the two groups and estimate the percentiles #,, &, for various values
of p. If we plot the estimated percentile in group 0 versus the estimated
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0.0+

£
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:
% -1.0+
1.5
2.0+
| — T —T T
0 1 2 3
log(Time)

Figure 12.4 Log normal bazard plot for the allo (solid line) and auto (dashed
line) transplant groups.

percentile in group 1 (i.e., plot the points #,, &, for various values of p),
the graph should be a straight line through the origin, if the accelerated
failure time model holds. If the curve is linear, a crude estimate of the
acceleration factor q is given by the slope of the line.

(continued): We shall graphically check the adequacy of the acceler-
ated failure-time model for comparing allo and auto transplants. Here,
we fit the Kaplan-Meier estimator separately to each group and com-
pute the percentiles for each group for p = 0.05,0.10, ...,0.35. These
percentiles are in the range where the percentile could be estimated
for both groups. Figure 12.5 shows the g-q plot for auto transplants
(Group 1) versus allo transplants (Group 0). The figure appears to be
approximately linear with a slope of about 0.6, which is a crude estimate
of the acceleration factor 6. -
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Estimated Percentile for Allo Group

{ i 1 1 T T
4 6 8 10 12

o
(X2

Estimated Percentile for Auto Group

Figure 12.5 g-g plot to check the adequacy of the accelerated failure time
model for comparing Allo and Auto transplants.

For the parametric regression problem, analogs of the residual plots
described in Chapter 11 can be made with a redefinition of the various
residuals to incorporate the parametric form of the baseline hazard rates.
The first such residual is the Cox—Snell residual that provides a check
of the overall fit of the model. The Cox—Snell residual, 7;, is defined by
r; = H(T; | Z)), where H is the fitted model. If the model fits the data
then the r,’s should have a standard (A = 1) exponential distribution,
so that a hazard plot of 7, versus the Nelson-Aalen estimator of the
cumulative hazard of the r,’s should be a straight line with slope 1. For
the four models considered in this chapter, the Cox-Snell residuals are

Exponential 7, = Ay, exp{B‘Z},

Weibull A exp(B'Z)t2,

1
Log logisti In|l———|,
o fogistic [1 +Aexp(B‘Z,)tf]
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and
— At
Log normal In [1 -® (ﬁ——%—ﬂ)]

Examination of model fit with the Cox-Snell residuals is equivalent
to that done using the so-called standardized residuals based on the log
linear model representation. Here, we define the standardized residuals
by analogy to those used in normal theory regression as

=].I1T/—[1"‘$’,z_/

N
/ g

If the Weibull model holds, then, these residuals should be a censored
sample from the standard extreme value distribution (12.2.2); if the log
logistic distribution holds, these are a censored sample from a standard
logistic distribution (12.3.1); and if the log normal distribution holds,
these are a censored sample from a standard normal distribution. The
hazard plot techniques discussed earlier can be used to check if the
standardized residuals have the desired distribution. However, the haz-
ard plots obtained are exactly those obtained by the exponential hazard
plot for the Cox—Snell residuals.

(continued): In Figures 12.6-12.9, the cumulative hazard plots for the
Cox—Snell residuals are shown for the exponential, Weibull, log logistic
and log normal regression models for the laryngeal cancer data. We see
from these plots that all four models give reasonable fits to the data,
the best being the log normal and log logistic models.

In Chapter 11, the martingale and deviance residuals were defined for
Cox regression models. For a parametric model, the martingale residual
is defined by M, = 8, — r, and the deviance residual by

D, = signlM{—2[M, + &,1n(8, — MPI}/2.

As for the Cox model, the martingale residual is an estimate of the ex-
cess number of deaths seen in the data, but not predicted by the model.
In the parametric case, note that the derivation of M, as a martingale
does not hold but, because the residuals are similar in form to those for
the Cox model, the name carries through. The deviance residuals are
an attempt to make the martingale residuals more symmetric about 0. If
the model is correct, then, the deviance residuals should look like ran-
dom noise. Plots of either the martingale or deviance residuals against
time, observation number, or acceleration factor provides a check of
the model's adequacy. The discussion of how to use these residuals
in Chapter 11 carries over to the parametric case. We shall illustrate
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EXAMPLE 12.2
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Bstimated Cumulative Hazard Rates
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Figure 12.6 Cox-Snell residuals to assess the fit of the exponential regression
model for the laryngeal cancer data set

the use of the deviance residuals in the following continuation of Ex-
ample 12.2.

(continued): We shall examine the fit of the log logistic regression
model to the laryngeal cancer data using the deviance residuals. Fig-
ure 12.10 is a plot of the deviance residuals versus time on study. Here,

we see that the deviance residuals are quite large for small times and

that they decrease with time. This suggests that the model underesti-
mates the chance of dying for small ¢ and overestimates this chance for
large t. However, there are only a few outliers early, which may cause
concern about the model. The deviance residual plots for the other
three models are quite similar.
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Theoretical Notes

3.04

Estimated Cumulative Hazard Rates

Figure 12.7  Cox-Snell residuals to assess the fit of the Weibull regression model
Jfor the laryngeal cancer data set

1. Martingale and deviance residuals for these parametric models are
available in S-Plus.

1. Further work on graphical checks for the parametric regression mod-
els can be found in Weissfeld and Schneider (1990) and Escobar and
Meeker (1992).

2. It is possible to define a score residual for the various parametric
models similar to that presented in section 12.6. To illustrate how
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3.0
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Figure 12.8 Cox-Snell residuals to assess the fit of the log logistic regression
model for the laryngeal cancer data set

this is done, consider the Weibull regression problem with a single
covariate Z. The contribution of an individual with covariate Z; to
the likelihood is given by )

L; = lexp(BZpAat; 1 expl—A exp(BZDT}1.

The score residual for A is given by

olni = 5
A A

— exp(BZ)T},

for a,

oL _ 8

p p +8,InT;— Aexp(BZPTIn T},
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Estimated Cumulative Hazard Rates

Residual

Figure 12.9 Cox-Snell residuals to assess the fit of the log normal regression
model for the laryngeal cancer data set

and for B,
olnL, _
p
These residuals can be used, as in section 11.6, to examine the

influence of a given observation on the estimates. See Collett (1994)
for additional detail. These residuals are available in S-Plus.

Sij - AZJ exp(BZ/) z}a .

12.6 Exercises

12.1 In section 1.11, a study of the effects of ploidy on survival for patients
with cancer of the tongue was described. In the study patients were
classified as having either an aneuploid or diploid DNA profile. The
data is presented in Table 1.6.
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Figure 12,10 Deviance residuals from the log logistic regression model for
laryngeal cancer patients

(a) For both the aneuploid and diploid groups fit a Weibull model to
the data. Find the maximum likelihood estimates of A and «, and
their standard errors.

(b) For both groups, test the hypothesis that the shape parameter, a, is
equal to 1 by both the Wald and likelihood ratio tests.

(0 Find the maximum likelihood estimates of the median survival for
both groups. Use the delta method to find an estimate of the stan-
dard error of your estimates.

(d) Fit a Weibull regression model to this data with a single covariate,
Z, that is equal to 1 if the patient had an aneuploid DNA profile
and 0 otherwise. Test the hypothesis of no effect of ploidy on
survival using the likelihood ratio test and the Wald test. Find a
point estimate and 95% confidence interval for the relative risk of
death for an aneuploid tumor as compared to a diploid tumor. Also
find a point estimate and a 95% confidence for the acceleration
factor. Provide an interpretation of this factor.
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12.2

12.3

In section 1.4 the times to first exit-site infection (in months) of patients
with' renal insufficiency were reported. In the study 43 patients had a
surgically placed catheter (Group 1) and 76 patients had a percutaneous
placement of their catheter (Group 0).

(a) For both groups fit a Weibull model to the data. Find the maximum
likelihood estimates of A and e, and their standard errors.

(b) For both groups test the hypothesis that the shape parameter, &, is
equal to 1 using the likelihood ratio test and the Wald test.

(c) Find the maximum likelihood estimates and 95% confidence inter-
vals for the two survival functions at 5 months after placement of
the catheter. Compare these estimates to those obtained using the
product-limit estimator.

(d) Fita Weibull regression model to this data with a single covariate, Z,
that indicates group membership. Test the hypothesis of no effect
of catheter placement on the time to exit site infection. Find point
estimates and 95% confidence intervals for the relative risk and the
acceleration factor for exit site infections. Provide an interpretation
of these quantities.

In section 1.10, times to death or relapse (in days) are given for 23 non-
Hodgkin’s lymphoma (NHL) patients, 11 receiving an allogeneic (Allo)
transplant from an HLA-matched sibling donor and 12 patients receiv-
ing an autologous (Auto) transplant. Also, data is given in Table 1.5
on 20 Hodgkin’s lymphoma (HOD) patients, 5 receiving an allogeneic
(Allo) transplant from an HLA-matched sibling donor and 15 patients
receiving an autologous (Auto) transplant. Because there is a potential
for different efficacy of the two types of transplants for the two types
of lymphoma, a2 model with a main effect for type of transplant, a2 main
effect for disease type and an interactive term is of interest (coding
similar to 8.1b).

(@) Using a Weibull regression model, analyze this data by performing

a likelihood ratio global test of no effect of transplant type and
disease state on survival. Construct an ANOVA table to summarize
estimates of the risk coefficients and the results of the one degree
of freedom tests for each covariate in the model.

.- (b) Test the hypothesis of no disease—transplant type interaction using

a likelihood ratio test.

(c) Find point estimates and 95% confidence intervals for the relative
risk of death for an NHL Auto transplant patient as compared to an
NHL Allo transplant patient.

(d) Test the hypothesis that the death rates are the same for HOD Allo
transplants and NHL Allo patients. Repeat this test for Auto patients.

(e) Test the hypothesis that the death rates for Auto transplant and
Allo transplant patients are the same against the alternative they are
different for at least one disease group by a 2 degree of freedom test
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12.4

12.5

12.6

12.7

12.8

12.9

of H, : Kt | NHL Allo) = (¢t | NHL Auto) and k(¢ | HOD Allo) =
b(t |HOD Auto).

(f) Compare your results to those found in Exercise 3 of Chapter 8 by
using the semiparametric proportional hazards model.

Repeat Exercise 2 using the log logistic model. In part b use the Wald
test and in part d provide point and interval estimates of the acceleration
factor and the relative odds. Compare your results to those found in
Exercise 2.

Repeat Exercise 1 using the log logistic model. In part b use the Wald
test and in part d provide point and interval estimates of the acceleration
factor and the relative odds. Compare your results to those found in
that exercise.

Repeat Exercise 3 using the log logistic model. Compare your results to
those found in that exercise. Estimate relative odds rather than relative
risks in part c.

Using the ploidy data in Exercise 1, estimate the parameters and the
variance-covariance matrix for the following models for each of the two
groups.

(a) A log normal model.

(b) A normal model.

(0) A generalized gamma model.

(d) Using the results of part c, test the hypothesis that § = 0. Interpret
your result in terms of model selection.

(e) Using the results of part c, test the hypothesis that 6 = 1. Interpret
your result in terms of model selection.

(f) Based on your results in this exercise and in Exercises 1 and 5,
which parametric model best fits the data for each of the two ploidy

groups?

Using the information in Exercise 2, determine the best fitting parametric
regression model to determine the effects of catheter placement on the
time to first exit site infection by fitting the exponential, log normal,
and generalized gamma models.

For both the aneuploid and diploid groups in Exercise 1, make an
appropriate hazard plot to determine if the following models fit the
data:

(a) exponential,
() Weibull,

(© log normal, and
(d log logistic.
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12.10

12.11

12.12

12.13

12.14

For both catheter placement groups in Exercise 2, make an appropriate
hazard plot to determine if the following models fit the data:

(2) exponential,
(b) Weibull,

(©) log normal, and
(d) log logistic.

Check the adequacy of the accelerated failure time model for describing
the effects of ploidy on survival in Exercise 1 by making a quantile-
quantile plot. Provide a crude estimate of the acceleration factor and
compare it to the estimate you found in Exercise 1.

Check the adequacy of the accelerated failure time model for describing
the effects of catheter placement on the time to first exit site infection in
Exercise 2 by making a quantile-quantile plot. Provide a crude estimate
of the acceleration factor and compare it to the estimate you found in
Exercise 2.

In Exercise 1, you fit a Weibull regression model to explain the effect

of ploidy on survival.

(a) Examine the fit of this model by making the appropriate plot of the
Cox-Snell residuals.

(b) Examine the fit of this model by making the appropriate plot of the
deviance residuals residuals.

(0 Repeat a and b for the log logistic regression model.
In Exercise 3 a Weibull regression model was fit to the survival times
of patients given a bone marrow transplant. The model included a

covariate for type of transplant, type of disease as well as an interaction
term

.(2) Examine the fit of this model by making the appropriate plot of the

Cox-Snell residuals.

(b) Examine the fit of this model by making the appropriate plot of the
deviance residuals residuals. '

(©) Repeat a and b for the log logistic regression model.



